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Abstract The path of a tracer particle through a porous medium is typically modeled by
a stochastic differential equation (SDE) driven by Brownian noise. This model may not be
adequate for highly heterogeneous media. This paper extends the model to a general SDE
driven by a Lévy noise. Particle paths follow a Markov process with long jumps. Their
transition probability density solves a forward equation derived here via pseudo-differential
operator theory and Fourier analysis. In particular, the SDE with stable driving noise has
a space-fractional advection-dispersion equation (fADE) with variable coefficients as the
forward equation. This result provides a stochastic solution to anomalous diffusion models,
and a solid mathematical foundation for particle tracking codes already in use for fractional
advection equations.

Keywords Stochastic differential equation - Pure jump Lévy process - Infinitesimal
generator - Forward equation - Jump Lévy diffusion

1 Introduction

A mechanical description of the path of a tracer through a porous medium requires identi-
fying the relevant forces involved and then solving a classical differential equation for the
individual trajectories of all tracer particles collectively. Since in a macroscopic flow, the
number of such molecules is enormous, the method can be a complicated one. An alterna-
tive approach is the statistical mechanics paradigm, where the trajectories of the particles are
considered to be a stochastic process. This idea has been discussed by Bhattacharya, Gupta
and Sposito [5, 6, 11]. They provided a probabilistic model that enables one to avoid de-
tailed mechanical description. In their molecular-stochastic approach the position vector of
a particle is described as a Markov process with continuous sample path. With the velocity
vector coding the drift of a particle and the diffusivity tensor representing both molecular
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diffusion and mechanical dispersion, the Markov process can be shown to be a unique solu-
tion of Itd’s stochastic differential equation (SDE) driven by a Brownian motion. Further, the
conditional probability density function of the Markov process solves an Eulerian forward
equation, the advection dispersion equation (ADE) that forms the basis for most current
hydrological models of contaminant transport [3, 10].

Recently, it has been observed that this advection dispersion equation may not be ad-
equate for modeling heavy tailed contaminant transport in a heterogeneous porous media.
For such flows a model has been advocated that describes the dispersive flux by a frac-
tional space derivative (the space-fractional advection-dispersion equation or fADE [4]).
In this case a random walk particle tracking approach, similar to the stochastic-molecular
approach mentioned before, has been proposed where individual particle paths follow a
Markov process (Zhang et al. [21-23]). An SDE driven by a stable-Lévy process is the pri-
mary tool needed for the particle tracking method of solving the fADE [21]. In this article
we lay out the mathematical foundation of this approach.

We start by deriving the governing forward equation of an SDE driven by a general jump
Lévy process. The general theory can be applied to explain various anomalous diffusion
models including tempered anomalous diffusion models [8, 16], another jump Lévy process
that has useful application in geophysics. Next, as a special case, we derive the governing
forward equation of an SDE driven by a stable-Lévy process that can be used for heavy
tailed particle tracking.

To simplify the presentation we restrict attention to one dimension. The theory can be
easily extended to time homogeneous SDE in R,.

The SDE driven by a general jump Lévy process and the associated governing equations
are discussed in Sect. 2. In Sect. 3 we discuss an SDE driven by an «-Stable Lévy process
as a special application of the concepts presented in Sect. 2. In this case the associated
forward equation leads to the space-fractional advection-dispersion (fADE) equation used
for modeling heavy tailed flows.

2 Stochastic Diffusion Driven by a Pure Jump Lévy Processes and Associated
Governing Equations

The main objective of this section is to show that the transition probability density function
of a diffusion process driven by a jump Lévy process satisfies a deterministic differential
equation (forward equation) analogous to the governing equations used in various Markov-
ian anomalous diffusion models [8, 16].

Let {X,} be a pure jump Lévy process with jump intensity (Lévy measure) v (see Sato
[19], p. 38). A diffusion equation, driven by the pure jump Lévy process X,, is an SDE of
the form:

dY, = a(Y,)dt + b(Y,)dX, @2.1)

where, the coefficient function a : R — R is the drift coefficient that governs the average
velocity of the plume and the coefficient function b : R — R is the diffusion coefficient that
describes the spread of the plume. If the drift and diffusion coefficients satisfy a growth
condition (as in (A.1)) and are Lipschitz continuous (as in (A.2)), then it can be shown (see
Theorem A.1) that there exists a unique time homogeneous Markov process that solves the
diffusion equation (2.1). This Markov process is explicitly constructed in Appendix A. Also
the solution is continuous with respect to the initial starting value.
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Let P(¢,y, x) be the transition probability of the Markov process {Y,}, i.e, for a mea-
surable set B of R, we have P(t,y, B) = P(Y; € B|Yy = y). More precisely, in case Y;
has a transition density p,(x,t), given Y, =y, we have P(t,y, B) = fB P(t,y,dx) =
[ Py(t, x)dx.

For any continuous functions f on R, let EY[ f(Y,)] = fR f(x)P(t,y,dx) be the ex-
pectation of f(Y;), under the condition Y, = y. The infinitesimal generator of the Markov
process {Y;} is defined as:

Af =lim

EY f(Y) - f(y)
—

Its domain D, consists of all continuous function f for which the above limit exists. The
infinitesimal generator can be derived by using the Itd formula for Lévy type stochastic
integrals [13].

Theorem 2.1 (Infinitesimal Generator) Let {Y;} be the solution process of the SDE (2.1).
Also, suppose that the coefficient functions a and b satisfy conditions (A.1) and (A.2). If
C,= flx\zl xv(dx) < oo, then for any twice differentiable function f with compact support,
the infinitesimal generator A of {Y,} is given by:

Af () = ' (a(y) + Cub(y))
+ /R {F(y+b()x) = FO) = f(b(y)x}v(dx) (2.2a)
0

alternatively, if K, = f0<\r\<1 xv(dx) < 00, then the infinitesimal generator is given by:

Af) = ' (a) — K.b(y)) +/ {F(y+b0x) = fFM}vdx). (2.2b)

Ro

For the infinitesimal generator of any Markov process, in particular for the solution
process of the SDE driven by a pure jump Lévy process, the following backward equa-
tion holds. The backward equation governs the evolution of transition probability P(¢, y, x)
backward in time, since the variable y gives the initial location.

Theorem 2.2 (The backward equation) Let A be the infinitesimal generator as in Theo-
rem 2.1 for the solution process {Y;} of the SDE (2.1). Let f be a real valued twice differ-
entiable function with compact support. For the transition probability P(t,y, x) of Y; given
Yo =y, let us define, u(y,t)= fR f(x)P(t,y,dx). Then, % exists and

M _ A 2.3)
E— u .

where, the R.H.S is to be interpreted as A applied to the function y — u(y,t).

Using Fourier analysis we can show that the infinitesimal generator in (2.2) is a pseudo
differential operator (in sense of Jacob [14], Definition D.4), defined on the anisotropic
Sobolev space H¢*2(R) (definition in Appendix D.1).

Next, we show that the transition probability density function of the solution process of
SDE (2.1) satisfies a deterministic differential equation viz. the forward equation. This for-
ward equation is analogous to the Eulerian PDE that governs the path of the tracer particles
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in anomalous diffusion models. The forward equation can be derived from the backward
equation using the infinitesimal generator in its pseudo differential operator form. The de-
tailed derivation of the forward equation, along with the relevant Fourier analysis concepts,
is included in the appendix (Sect. D.1).

Let us assume that there exists a transition probability density for the solution process

{Y,} of the SDE in (2.1). Let p, (¢, y) be the density of y =Y;, given Y, = x. The forward
equation governs the evolution of the transition probability density p, (¢, y) forward in time,
since the variable y here represents the location at time ¢ > 0. To derive the forward equation
we assume p, (¢, y) belongs to the anisotropic Sobolev space H 52"2(]R).
Let us make a change of variable b(y)x = —v in (2.2). Let J(v) be the Jacobian of the
transformation and define v, (y, dv) = J (v)v(;(—‘if)’). We consider the case when the measure
vy is of the form v (x, dy) = h(x)u(dy), where, h is a measurable function on R and p is a
measure on R.

Theorem 2.3 (The forward equation) For the coefficient functions a and b in the SDE (2.1)
define M (x) := max{|a(x)|, |b(x)|?}. Let us assume the coefficient functions are such that

[ M?*(x)dx < oo. (2.4)
R

Let the Lévy measure v of the driving Lévy process satisfy f\y\>l v(dy) < oo. Let C, and
K, be as in Theorem 2.1. If C,, < 00, then the transition probability density function of the
solution process of SDE (2.1) satisfies the following equation:

d
5P ) =/R [(px-I)(s,y = 1) = (px - W)(s, ¥) + 71 (psx - ) (s, ) u(d(—r))
* 0

0
- a—(px-G)(s,y)
y

where, (py - h)(s,y) = h(y)p: (s, y) and G(y) = a(y) + C,b(y). Alternatively, if K, < o0,
then

ad ad
Py =f [(px-B)(s.y = 1) = (P - W) (s, )] p(d(=r)) — —(px - H)(s.,y)
s Ry ady

where, (px - h)(s,y) = h(y)p:(s,y) and H(y) =a(y) — K,b(y).

3 Application to Special Case: Diffusion Driven by «-Stable Lévy Processes

The fractional advection dispersion equation or fADE is used to model a variety of anom-
alous diffusion processes, where observations show that the plume spreads away from its
center of mass faster than (¢!/2) scaling implied by the Brownian motion model. This is
called a super diffusion. A diffusion equation driven by an «-Stable Lévy noise can be ap-
plied to these situations. We follow the stable distribution parameterizations in Samorodnit-
sky and Taqqu [17] and write X ~ S, (o, 8, 1t) to denote that the random variable X follows
a stable distribution (Definition E.1) with index of stability «, scale parameter o, skewness
parameter 8 and shift parameter ;. Where, 0 <« <2,0 >0, —1 <8 <1 and u € R. An
a-Stable Lévy Process is a Lévy process X\, such that, X'® — X~ 8, ((t—s5)"*, B,0);

@ Springer



A Stochastic Differential Equation Model with Jumps for Fractional 531

for0<s <t <ooand —1 < B < 1. Note that a stable Lévy process is a jump Lévy process.
Let us define,

(1+8), ifu>0,

1’3(“):{(1 —B), ifu<0

and constant C,, as:

(Ca)®

Qo' —a)cosZX)~!, if0<a<l,
T | @R (—cos z2)) -, if1<a<2.
Then it can be shown (Theorem E.1) that an «-stable Lévy process with skewness para-
meter B is a jump Lévy process with jump intensity (Lévy measure) v,, where v, (dy) =
Ig(y)(Cy)* hfﬁ If the drift coefficient a and the diffusion coefficient b satisfy the growth
condition and Lipschitz condition as in Theorem A.1, then there exists a unique time homo-
geneous Markov process {Y;} that solves the SDE of form

dyY, = a(Y,)dt +b(Y,)dX™. (3.1)

Since {Y;} is a Markov process, we can get corresponding infinitesimal generator and the
associated forward and backward equations. For (3.1), the infinitesimal generator of the
solution process can be expressed in terms of the fractional derivatives of order «. The
forward equation in terms of fractional derivatives is used as the Langevin equation of heavy
tailed ground water flows. A fractional derivative of order « can be defined as follows (see,
e.g., Samko et al. [18]):

Definition 3.1 Let f be the Fourier transform of f (definition in Appendix D.1). Let us
write g(x) = % f(x), then g(&) = (£i&)* f (£). The fractional derivative of order o for

a function f is the inverse Fourier transform g(x) := F~![(&i&)” f &)

The next theorem gives the infinitesimal generator associated with the solution of an
SDE driven by an «-Stable Lévy process. Detailed derivation is included in the appendix.
In following theorems we shall use the notation »*(-) to express the following:

b() = { Ib(-)l‘)‘,a %fb(-) >0,
—|b()|, ifb(-) <O.

Theorem 3.1 Consider an SDE driven by an a-Stable Lévy process as in (3.1). Under the
assumption of Theorem A.1, a unique Markov process {Y;} exists that solves (3.1). Then for
a twice differentiable function f, the infinitesimal generator of {Y;} is given as follows: if
O<a<l,

ra\\ " d*
Af() =amf'»+ [(1 - ﬂ)<2008<7)> b"(y)dya V)]
ra\\ " a d*
+ (14 ﬂ)(2005<7>> b (y)d(—y)“ f(y)i|. (3.2a)

ifl<a<?2,
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-1
Af(y) =a()f () + [(1 - ﬂ)(—%os(%“)) b

ra\\ ! N d“
+ (1 +,8)<—2005<7>> b (y)mf(y)}. (3.2b)

The backward equation can be obtained using Theorem 2.2. Let A be the infinitesimal
generator for the solution process {Y;} of an SDE driven by an «-Stable Lévy process as in
(3.1) and P(¢, y, x) be the transition probability of Y,. Let f be a twice differentiable real
function with compact support.

Define, u(y,t) = f f(x)P(t,y,dx). Then, the backward equation is given as follows: if
O<a<l,

—1 o
WD ayul .0+ [(1 B ﬂ)(zc"s(%a)) ) 0.
y

o1
~1 o
T+ ﬂ)(2cos(%>) b"‘(y)d(iy)a u(y, t)] (3.3a)

ifl<a<?2,

5 7 / -1 de
_“(ayt D a' o + [(1 - ﬁ)(—%os(%“)) B s

-1 o
+a +ﬁ)<—2cos<?>> b”(y)d(iy)au(y,t)] (3.3b)

Theorem 2.3 can be used to obtain the forward equation. Let {Y;} be the solution process for
the SDE in (3.1) . Let us further assume that there exists a transition probability density for
{Y,} and p,(, y) be the transition p.d.f of y =Y;, given Yy, = x. We have already stated that
the Lévy measure for the o-Stable Lévy process {X,} is given by v, (dy) = I5(y)(Cq )O‘ N 2.

Note that, the measure v;(x, du) in Theorem 2.3 is the measure derived from the Lévy
measure v, (dy) by change of variable —u = b(x)y. So in this case the change of variable

leads to

v (x, du) = —Ig(—u)(Ce)*b* (x)

| |I+a

Now we see v; is of the form v;(x,dy) = h(x),u(dy) where h(x) = b*(x) and p = v,.
Further, /|| va(dy) = (C)* [0 15V i =2 < o0,

It can be easily verified thatif 0 < o < 1, then K,,, < 00, on the other hand, if 1 <o <2,
then C,, < oo (use the definitions of K, C, from Theorem 2.3). This demonstrates the
assumptions made for Theorem 2.3 hold in this case.

Thus, if condition (2.4) holds, then the transition probability density function of Y, satis-
fies the forward equation given in Theorem 2.3. This leads us to the next theorem.

Theorem 3.2 (The forward equation for an «-stable Lévy diffusion) Consider an SDE
driven by an a-stable Lévy process (o« # 1,0 < a < 2) as in (3.1). Under the assumptions
of Theorem A.1, the solution process {Y;} exists and is unique. If the coefficient functions
a and b satisfy assumption (2.4), and if there exists a transition probability density func-
tion p, (s, y) of the solution process {Y;} given Yy = x, then the following forward equation
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holds: if0 < < 1,

WO _ iy t)+[(1— )(2 <@)>lbﬂ( L uiyn)
Py =a(y)u'(y, B)| 2cos 2 y dy"‘u Y,
+(1+ﬂ)<2cos<n—a>)lb°‘( — t)] (3.4)
2 Yyt '
fl<a<?2,
du(y, 1) ) ra\\7', . d
v =a(y)u(y,t)+ [(1 —,3)<—2005< 2 )) b (y)dya”(y’t)
1 o

+(1+ﬂ)<—2cos<%"‘)> b“(y)d(iy)au(y,t)}. (3.4b)

The forward equation in this form is the same as the fractional advection dispersion
equation (fADE) used in particle tracking of ground water contamination modeling [23].

4 Concluding Remarks

In this article we construct a diffusion process driven by a jump Lévy noise such that its
transition probability density function solves the governing Eulerian PDE in the anomalous
diffusion models. The methods used in this paper are constructive and explicitly identify the
solution of the governing equation based on the compound Poisson processes. This can be
useful for simulation purposes. The theory presented here can be applied to flow equations
other than the ones demonstrated. For example, a SDE with three terms including a simple
drift, gives FD-ADE flow equation [21]. This flow can be associated with a Markov process
and can be treated as a minor extension of the cases discussed in this paper. Our future work
will demonstrate that the conditions applied to the drift and dispersion coefficients of the
main SDE can be made less restrictive. That will enhance the utility of the model for the
practical applications.

See [9] for method of simulating a solution process of an SDE driven by an «-Stable
Lévy process in context of fADE model fitting to real data. Bottcher and Schilling [7] shows
another concrete way to simulate a general SDE solution process driven by an arbitrary jump
Lévy process.
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during the preparation of this work. I also thank Dr. Mark M. Meerschaert for helpful suggestions and en-
couragement.
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Appendix A
A.1 Existence, Uniqueness and Markov Property of jump Lévy Diffusion

Theorem A.1 Let coefficient functions a and b of diffusion equation (2.1) satisfy the follow-
ing growth condition and Lipschitz condition
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(A) Growth condition: Vy in R, 3 constant C > 0, such that,
la P +16MP < C (1+yP). (A
(B) Lipschitz condition: ¥y, y, in R, 3 constant C' > 0, such that,
la(y) —a()P +16(n) = b)) = C' (Iyi = »l?).- (A2)

Then, there exists a unique solution process {Y,} for the equation (2.1); also the solution
process is continuous w.r.t the initial value. Further it can be shown that the solution is a
time homogeneous Markov process.

Proof of Theorem A.1 Let {X,} be a pure jump Lévy process with Lévy measure v. Then X,
can be written as

X(t) =/ xq(t,dx) +/ xN(t,dx) (A3)
0<|x|<1 [x[>1

where, N is a Poisson random measure with mean function v((0, t] x D) = rv(D) for any
measurable set D of Ry =R\ {0} (see [1]).
Then we can write diffusion equation (2.1) as:

dY, =a(Y,)dt +/

O<|x|<1

b(Yy)xq(dt, dx) +/ b(Y)xN(dt,dx). (A4)

[x[=1

The theorem is proved in two steps. In the first step is to consider equation (A.4) up to small
jumps only, i.e consider

dZ,=a(Z,)dt + / b(Z;)xq(dt,dx)

O<|x|<1

such a process {Z;} can be constructed using Picard’s method (Skorokhod [20]). Further it
can be shown the solution {Z,} is unique.

In the second step the large jumps can be added to {Z,} using the interlacing technique
(Ikeda and Watanabe [13]) and hence the solution process {Y;} for the main equation (A.4) is
constructed. Uniqueness is followed from uniqueness of {Z;} and the interlacing structure.

For detailed construction of the solution process and proof of uniqueness see [1] (Theo-
rems 6.2.3 and 6.2.9). For the proof of continuity w.r.t initial value see [20]. O

Time Homogeneity of the Solution Process {Y;}

Let us consider the SDE in (2.1) with a little modification. We assume the coefficient func-
tions a and b satisfy growth condition and Lipschitz condition from Theorem A.1. Consider

dY, =a(Yy)dt +b(Y,)dX, (B.1)

for, t > s, given Yy = y and X is a jump Lévy process.
Denote the unique solution of (B.1) by ¥, = Y¥;"*. Then,
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t+h t+h
Y :y+/ a(Ylf"’)du—i-/ b(Y)")dX,
t t
h h A _
—y+ /0 a (Y2 dv+ /0 b(v21)dX,

with u =t 4+ v and )fv =Xy — X;.
On the other hand,

h t
Y=y + / a (Y} dv+ f b(Y))dX,.
0 0

Now, from the definition of Lévy processes, { X,} and {X,} have same X,-distribution. Then
it follows from the weak uniqueness of the solution for SDE in (B.1) that {Y,)f;th}hzo and
{Y};v ’0}, h > 0 have same Y-distribution; i.e, {¥;},>¢ is time homogeneous.

Markov Property of the Solution Process {Y;}

Let {F;} be the o-field generated by {X; : s <t}. Let {Y;} be the solution process of (2.1)
then Y, is F; measurable.

Theorem C.1 [f there exists a unique solution of SDE (2.1), then the solution process is a
Markov process.

Proof From construction we can re-write Y;; as follows:
Yios =Y+ M(s,t +5)
where,

t+s 1+s
M(s,t—f—s):/ a(YU)dv—i—/ b(Y,)dX,.

Following the Lévy-Itd6 decomposition M(s,t + s) is c{N(v, A) — N(u, A),s <u <v <
t, A € B(Ry)} measurable ( B(IRy) is the Borel sigma field of Ry). Clearly M (s, + ) is
independent of F; C o{N(u, A),u <s, A € B(Ry} and that leads to the Markov property.

See [20] (page 75, Theorem 1) for a more detailed proof. |

C.1 Derivation of the Infinitesimal Generator and the Backward Equation of the SDE Led
by a Lévy Jump Process

Proof of Theorem 2.1 Let us assume Y, = y. Using It6 formula for Lévy type integral ([13],

Theorem 4.1) for any real valued, twice differentiable function f with compact support, we
have,

£ = FO)
- /0 Fi(Ya(Yy)ds + /0 /| 06 +005) = (7 5) | ¥
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+f/ {F(Y (=) +b(X)x) = f(Y(s—))}a(ds, dx)

0 JO<|x|<l

+/ / {F(Y(s=) +b(Y)x) — f(Y(s—) —b(Y)xf' (Y (s—))}i(ds, dx).
0 JOo<|x|<l

By definition of infinitesimal generator we have:

Ay =i ELIN =1 0)

o
—tim + /O B[ (Ypa(Y,)]ds

1
+ lim —
t}0

+1im1/ / E’[f(Y(s=)+b(Y)x) — f(Y(s—))
0 JO<|x|<l

[ [ e lrtrem+ b - £(re=)dsvan
|x|=

[

—b(Y)xf'(Y(s—))]dsv(dx)

— F(ak) + / [ (y +b()x) — £ o)

lx|=1

+ f {F(y +b()x) = f() = bW)xf'(¥) }v(dx)
O<|x|<1

= f'M(a) = K,b(y) +/ {F(y+b)x) = f}vdx)

Ro

or F0(at)+Cb() + / (0 +bO)x) = FO) — £/ b)) u(dx)

Ry

where, K, = f0<\x\<l xv(dx) and C, = flx\>1 xv(dx), whenever they are defined. Hence the
theorem. N O

Proof of Theorem 2.2 Let g(x) = u(x,t). Then, using Markov property we get the follow-
ing:

B [s(Y)] -8 _

r {EY[EY (s(¥)] - EY [s(¥D]}

1

-

1

—{E[EY @(inlF] - B [2 (V) ]}
1

=—E [(Yier) — g(Y))]

u(y,t+r)—u(y,t) ou
= —_ —
r

asr | 0.

Therefore, A(u) =lim, o w exists, and g—”; = A(u). This gives the backward equa-
tion. |
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Appendix B

D.1 Pseudo Differential Operator Form of the Infinitesimal Generator and Derivation of
the Forward Equation

In this section we shall show that the infinitesimal generator is a pseudo-differential operator
(in the sense of Jacob [14]). Using this form with the backward equation we shall get the
forward equation by involution type technique. A pseudo differential operator is defined
using Fourier transform and negative definite functions. For this section we are going to use
Fourier transform of a real function f as follows:

~ o0 .
o =F(r@) =@n 2 [ e s,

—00
We shall discuss other required concepts and definitions as we proceed.
Lemma D.1 Let {Y,} be the solution process of the SDE in (2.1). Let A be the infinitesimal
generator for {Y,}, given as in Theorem 2.1. Let us make a change of variable b(y)x = —v

in (2.2). Let J (v) be the Jacobian of the transformation. We define v (y, dv) = J(v)v(% .
Then we can show A can be expressed as follows: )

Af(y)=B(y)f/(y)+/ [f(y—v)—f(y)+f/(y)%]v1(y,dv) (D.1)
Ry 1+ vl

where,

| 2

)vl(y,dv)}; if C, < o0.

B(y) = [a(y)JrCub(y)Jr/Rov(lez

And,

v )
B(y) = [a(y) — K,b(y) — Lo(m>vl(y,dv)], if K, < oo0.

Proof From Theorem 2.1, if we consider form (2.2a), the infinitesimal generator can be
written as:

Af(y) = f'M(a(y) + Cub(y)) + / {F(y+b)x) = fO) — f/(Mb(y)xv(dx).

Ro
Let us consider the change of variable b(y)x = —v. Let J (v) be the Jacobian of transforma-
tion we define : v (y, dv) = J(u)u(;<—‘§,§). Then

Af(y) = f'M(ay) + Cob(y) +/ {fO—v) = fO) + f v}y, dv)

Ry

g v|?
=f (y)[a(y)JrCub(y)Jr/ROv(l+|v|2>vl(y,dv)}

, v
+/Ro{f(y—v)—f(y)+f(y)m}vl(y,dv)
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=B f'(y) +/ [f(y - —-fOM+fO)—— ]vl(y,dv)
Ro

1+| |2

where,

~ o2
B@»-Luy>+cxboo+14%v(TiTa;>vuy,dw].

From Theorem 2.1, if we consider form (2.2b), the infinitesimal generator can be written as

Aﬂw=beMW—Kw@»+/{f@+Mﬁﬂ—f@wa)

Ro

Again change of variable b(y)x = —v gives,

Aﬂw=fbwuw—Km@»+A{f@—w—f@nm@Jw
0

= B(y)f’(y)+/ [f(y )= fOM+ 1O 2]vl(y»dv)
Ro 1+ vl
where,
v
B(y) = [a(y) — K,b(y) — Ao<m>v1(y,dv)}.
Hence the lemma is proved. O

Next, we give some definitions from Analysis. We shall be using following notations
consistent with [14]:

C*(R) := class of arbitrarily many times differentiable functions on R.
Cx (R) := class of continuous functions on R vanishing at co.
No:={0,1,2,...}.

Definition D.1 (Lévy Khinchin representation) We say i : R — C is a continuous negative
definite function, if ¥ has the following representation:

w(5)=c+i(dé)+é(§)+/ (1—("*5— i 2)v(dx). (D.2)
Eo I+ x|

With ¢ > 0, d € R, g is symmetric positive semi-definite quadratic form on R and v is the
Lévy measure associated with ¢ such that,

(x> A Du(dx) < oo.
Ro

¥ is uniquely determined by (c, d, g, v).

Definition D.2 We call a function Q : R x R — C a continuous negative definite symbol if
Q is locally bounded and for each x € R the function Q(x, .) : R — C is continuous negative
definite.
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Definition D.3 We define Schwartz space S(R) consist of all function u € C*°(R) such that
for all mym, e Ny

Py (1) :=sup[(l Flxymz Y |8"u(x)|] < o0.
xeR

k<my

The pseudo-differential operators associated with the symbol Q(x, £) are defined as fol-
lows:

Definition D.4 For a continuous negative definite symbol Q(x, £), we define the pseudo-
differential operator Q(x, D) by :

O(x, D)u(x) :=(277)_1/2/DKEiXEQ(x,S)ﬁ(S)dE (D.3)
for u € S(R).

The next theorem gives the pseudo-differential operator representation of the infinitesi-
mal generator.

Theorem D.1 Let us use the measure v, and coefficient function B from Lemma D.1 to
define following continuous negative definite symbol:

. _—ive ivg .
Q(x,f)-/ﬂ{()(l e 1+|v|2>v1(x,dv) iB(x)&. D.4)

Let A be the infinitesimal generator defined in Sect. 2. Then the infinitesimal generator, re-
stricted in S(R) is a pseudo-differential operator with negative definite symbol Q as above.
That is:

Af(x)=—Q(x.D)f(x) = —(Qn)"? /e”éQ(x, £) f(&)dt (D.5)
where, f is the Fourier transformation of f € S(R).

Proof We shall use the notation f = F(f) to denote the Fourier transform as defined in the
beginning of this section. Also recall that, the inverse Fourier transform of a function g is
defined as

F'g(n) =@m)~'? /OO g (x)dx.

Then, using Lemma D.1,
—0(x, D) f = —@m) /e”fQ(x, £)f &)ds

= _Qn)? /ei"g [/R (1 — e Ve _ #ip)vl(x,dv)—iB(x)S]f(g‘)dé

= —/ [(Zﬂ)_% /eiX$F<f(E) —féE-v) - %f’(&))tﬁ]vl(%dv)
Ro + [v]
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+B(x)|:(271)’% /e"‘éF(f’(S))dS}

=- / [f(x) — flx—v) - f’(x)%]vl (x, dv) + B() £ (x)
Ro 1+ |v|

= Af(x).

Hence, Theorem D.1 is proved. O

Next, we shall discuss the spaces associated with the pseudo differential operators. For a
real valued continuous negative definite function {(§) and s > O let us define a norm

el :=/[1+w(s)r|ﬁ@)|zd5.
R
An anisotropic Sobolev space with a negative definite function  is given by
HY*(R):={R € L*(R) : |Jull},, < oo}.

These are Hilbert spaces under the norm ||u ||\2yy , and arise naturally in the discussion of the
pseudo-differential operators (see [12, 15]). Jacob and Schilling [15] showed that with ap-
propriate choice of v, a pseudo-differential Q(x, D) operator associated with the generator
of a Lévy type processes maps the space H¥+**2 to HY** and hence using Sobolev’s embed-
ding theorem, Q(x, D) can be extended to Co,(R). Thus we can say the pseudo differential
operator presentation of infinitesimal generator A can be extended to Coo (R).

In our case we shall use the Sobolev space H §22 and we shall assume the transition
density of the solution process belongs to this space. Most of the cases the density of a
Lévy type processes belongs to this class, for example use the stable characteristic function
(Definition E.1) to see that the stable-Lévy density belongs to H® 22,

We shall use the following bound of symbol (D.4) in the derivation of the forward equa-
tion.

Lemma D.2 Consider an SDE of form (B.1). For the coefficient functions a and b let us
define
M (x) := max{|a(x)|, |b(x)|?}. For the continuous negative definite symbol Q(x, £) given

in (D.4) if the Lévy measure v of Q satisfies f\y\>l v(dy) < 0. Then,

|0(x, &) < cM(x)(1+ &%) (D.6)

for some constant c.

Proof Consider Q(x, &) given in (D.4). First, consider the form B(x) = a(x) + C,b(x) +
2
fR() v ]L‘v'z Vi (ys dv)

Q(x,s>=f (1—e*“’f— i )w(x,dv)—iB(x)s
%, [EE

:/ (1 —e ™ —ivE)vi(x,dv) —ifa(x) + C,b(x)]E.
Ro
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Using reverse transformation b(x)y = —v
00,8 = [ (1™ 4 ib(aye)uiay) — ifaco) + b
Ry

=/ (1—el’”<x>>‘f+ib(x)yg)v(dy)+/ (1= e )u(dy) —ika(x).
O<lyl<l

[yl=1

Next, consider the form B(x) =a(x) — K,b(x) — fRo ﬁvl(y, dv).

_ _ vk ll)é;: _
Q(x,f)_/ﬂ{o(l e 1+|v|2>v1(x,dv) iB(x)&

:/ (1—e ™) (x,dv) —i[a(x) — K,b(x)]E.
Ro
Using reverse transformation —b(x)y = v as the previous case,
0(x,6) = f (1 = ") u(dy) — i[a(x) — K,b(x)]€
Ro

:/ (1—e”’<X>«Vf+ib(x)y.§)v(dy)+/ (1 =P u(dy) —iga(x).
O<|y|<l1

[yI=1

Thus, for both forms of B(-) we can write:

Q(x,s):f (1—e"”‘*bf+ib(x)yg)u(dy)+/ (1—e™)v(dy)—ita(x) (D.7)
O<|yl<l

[yl=1
further, note that we can get the following bounds :
[1 =P +ib(x)yg| < [b(0)EY® and |1 — ™| <2

also, |&] < (1 + |£/%). Recall that v, the Lévy measure for Q(x, D) in (D.4), satisfies
f0<\y\<l |y|>v(dy) < co. Therefore, if we assume fl) v(dy) < oo, then

=1

10(x, ©)] < E1b()I yPv(dy) +/ 2v(dy) + la() ||
0<lyl<l Iyl=1
<cM@)(1+E])
where M (x) = max{|b(x)|?, a(x)} and c is a constant that depends only on v. O

Using this bound we can prove Theorem 2.3.

Proof of Theorem 2.3 Let p,(t, y) be the transition probability density of Y; starting at Yy =
x. Let ug : R — R be a twice differentiable bounded function with finite second moment.
Let us write u(x, 1) = E*[ug(Yy)] = [ uo(y) px(, y)dy.

Then Au(x,t) = %u(x, t) is defined. And some constant ¢, such that,

i, 0)* < | polt, )% (D.8)

@ Springer



542 P. Chakraborty

Since the transition density function vanishes at t = 0o, then integration by parts gives

/ / a—u(y, Hp:(t, y)dtdy = —/ / u(y,t) — px(t, y)dtdy. (D.9)
—o0 JO t —00 JO at

Now, substituting the backward equation in the left hand side we get,

(o] (o] (o] (o] a
//Opx(t,y)A(u(y,t))dtdyz—/ fo u(y. )5 px(t, y)dtdy. (D.10)

The operator A acts on u(y,t) as u being a functions of y. Consider the integration part with
respect to y in the left hand side of (D.10) and to simplify the notations we ignore the other
variables in the term for next steps of computation and write:

/ px(t,y)A(u(y,t))dy=/p(y)Au(y)dy~

o0

Using Cauchy-Schwarz inequality,

2
} / PO AuG)dy| < / () Pdy f Au(y)Pdy.

Parseval identity gives

[ ey = [1p@ras < [a+enpeiae =i,

Whereas, pseudo differential operator form of the generator, equation (D.8) and Lemma D.2
gives

/ |Au(y)Pdy = @) / ‘ f e 00y, )| dy
< (ZH)’I//IQ(y,%‘)Izlﬁ(E)lszdy
< [ [a+eae Paza
=i, [ M0y

By hypothesis [ M?(y)dy < oo, therefore for p € H 2 we can say | [ PO Au(y)dyl* <
00. Thus we can use Fubini theorem for f p(Y)Au(y)dy.
Also for the negative definite symbol Q given in (D.4) the following holds:

_ _—ivE lv%— _
Q(x,S)_/JRO<1 e 1+|v|2>v1(x,dv) iB(x)&.

If weuse B(x) =a(x) + C,b(x) + fRo vli%vl(x, dv)

00, &) = | (1—e™ —ivg)v(x,dv) — it[a(x) + C,b(x)].

Ry
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We write,
0(x,§) :/ (1—e ™ —ivE)vi(x,dv) —iG(x)E
Ro
where G (x) = [a(x) + C,b(x)]. (D.11a)
If we use B(x) =a(x) — K,b(x) — Ry 1+%vl(x, dv)
0x,8) = A (1 —e )i (x,dv) —i&[a(x) — K,b(x)].
0
‘We write,

Ox, &) = f (1 —e ™) (x, dv) — i H(x)E
Ro

where H (x) = [a(x) — K,b(x)]. (D.11b)

In order to get a closed form of the forward equation, we need to assume v, has the form
vi(x,dy) = h(x)u(dy), here h is real valued function and p is a measure on R. Using the
pseudo differential representation of A and Fubini theorem we get:

f " P Au@)dx = —(2m) / N / " e O x, BYAE) po)dEdx
=—Q2n)"! /‘00 foo /OC eV O (x, E)u(x') p(x)dEdxdx’

_ /oo |:_(27'[)_1 /w /w eixge—ixlé'Q(x, E)p(x)d“;‘dx]u(x')dx'

= /00 Ip(xu(x"dx’' (D.12)
where,
Ip(x)) = [—(2;1)*1/00 /OO e”‘?e*"’f’ég(x,g)p(x)dgdx} (D.13)

using Q(x, &) from (D.11a),
Ip(x")y=—Qm)! /Oo /Oo oivE pix'E U (1—e ™ —ivE)v(x,dv) — iG(x)s}
—00 J —00 ]R()

X p(x)d&dx
=L+

o0 o0
where I = —(27)"! / / / ei"gef’.",g(l — e ivé})p(x)vl(x, dv)dédx,
—00 J —00 YRy

L=@n)"! / X / T G e ().

For the first part we have,
o) [e9) ) -, )

I = —(2n)‘1f f / e e (1 — e —iyE) p(x)vy (x, dy)dédx
—00 J —00 R()
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=—Qnr)"! /OO /00/ e”‘éef”,f(l — e ¢ —iyf;‘)p(x)h(x)u(dy)dédx
—o0 J —o0 JRy

——em [ /R e (1= e — i) F((p - h)(—6)) u(dy)de
—o0 JRg

— @) / /R (L & 4 iyE)F((p- ) (E)u(dy)dE
s

—@n) fR f FYEF(p-h)E) — (p-h)E + )+ y(p - hY (©)]dEn(dy)

—fR F'oF[(p- W) — (p- WX +y)+ y(p - h)' (x)]u(dy)
0

/Ro[(p X +y) = (p- &) = y(p-h) ()] u(dy)
=— /}RO[(p WYX —y) = (p- &)+ y(p-h) () ]ud(=y).
For the other part we have,
L= Qn)"! fjo /jo e e E i EG (x) p(x)dEdx
=@ [ e i F - 6)-)as

— @n) 2 f &€ Fl(p- G) (€)]de’

o0

=F o F(p-G)(x)=(p-G)(x).
Thus, in case we use the negative definite symbol from (D.11a), we can write
Ip(x) = —[/R (- =)= (p-WE)+y(p-h) )] - (G- p)/(x/)] (D.14a)
o

Using Q(x, &) of the from (D.11b) in (D.14) we have, Ip(x’) = I + I,. Where,

L=—02n)"! /OC /OO /]1; e”“ge*i"/é(l —eiivg)p(x)vl(x,dv)dédx,

—00 J —00 /Ry

L= Qn)"! /_OO /_OO e Ve H (x)Ep(x)dEdx.

Using similar derivations as /; and I, it can be shown
I; = —/R [(p- W —y) = (p-B)(X)]ud(=y)).
0
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And for the next integration term it can be shown, Iy = (p - H)'(x’). Therefore, in case we
use the negative definite symbol from (D.11b), we can write:

Ip(x") =— [/R [((p- M) —y) = (p- W) ]|pu(d(=y) — (H - p)/(x/)} (D.14b)
then from (D.12) and (D.10) we have,
o0 o0 o0 o0 a
/ / u(y,t)lpx(t,y)dtdyz—/ / u(y,t)a—px(t,y)dtdy
—00 J0 —00J0O t

o0 o0 a
= / /0 (1940 3) + - patt ) Ju(y Ddrdy =0,

Note that, this is true for any arbitrary choice of twice differentiable bounded u((-). Hence
we must have [Ip,(t,y) + %px (t,y)] =0, thus %px(t, y) = —Ip,(t, y). Then, combining
(D.14a) and (D.14b), the forward equation is given as follows:

d
—px(s,y)zf [(px 1) (s.y —1) = (px - )(s. ¥) +7(px - 1) (s, ) | u(d(—r))

Bs Ry
0
- a—(px -G)(s,y)
y

where, (p, - h)(s, y) =h(y)p.(s,y) and G(y) =a(y) + C,b(y);

in case C, < 00. (D.15a)

Alternatively,

0 0
3o P ) :/ [(px - 1)(s,y —1) = (px - B) (s, )] p(d(—r)) — —(px - H)(s, y)
s Ry dy

where, (p, - h)(s,y) =h(y)p.(s,y) and H(y) =a(y) — K,b(y);
in case K, < 00. (D.15b)

That concludes the theorem. O

Remark The forward equation theorem can be used to solve an interesting analytical prob-
lem. Let S'(R) be the space of tempered distribution which is the dual space of S(R). If we
assume u(y, t) in S(R), then Au(y,t) = —Q(y, D)u belongs to S(R). The solution of the
forward equation actually produces an element in S’(R), which is the solution of the adjoint
operator (forward operator) given by the transition function.

Appendix C

E.1 Derivation of the Infinitesimal Generator, the Backward and the Forward Equation for
the SDE Driven by a Stable Process

Let us consider a special Lévy process: an «-stable Lévy process. First let us define a stable
distribution:
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Definition E.1 A random variable X is said to have a stable distribution with index of stabil-
ity o, scale parameter o, skewness parameter 8 and the shift parameter p if its characteristic
function has the following form:

exp{—0®10]*(1 — if(sign0) tan(Z2)) + i), ifa#1,

ElexpifX] = D ; e
exp{—a|0](1 +iB = (signf)In|0|) + i 16}, ifa=1

where 0 <o <2,0>0,—1 < <1, ureal and

1, if 6 > 0,
signf = 1 0, if6 =0,
-1, if0<0

we write X ~ S, (o, 8, ). For an a-stable Lévy process {X,} with skewness parameter 3,
for0<s <t <oo, (X, —X,)~ S, ((t — )72, B,0).

Next proposition gives the precise form of the fractional derivatives:

Proposition E.1 (See [2] for details) The fractional derivative of order « for a function f
can be expressed as follows:

(a) ForO<a <1,

:ﬁfo (fxr—v) = f(x))|v|1+a (E.1)
L p—— () E2)
3(—x)°‘f V= rd—o) ,/,oo(f - - flx lv |l+a :
(b) Forl <a <2,
0* ala—1)
! =T (f(x—v) [ +0f () = I1+°‘ (E3)
9 _al@—1)
3(—x) f)= re-—ua) /. (f(x —v) = f(x)+uf’ (x))| |l+a (E4)

The next theorem describes the Poisson random measure associated with an «-stable
Lévy Process.

Theorem E.1 (Theorem 3.12.2: [17]) Let N be a Poisson random measure defined on
[0, 00) x Ry with mean function

_ _ (+/3)ds‘|1+a, ifu>0,
n(ds,du) = E[N(ds, du)] = {(1  Byds MHM s <0,

= Iﬂ(u)dsl ia

d+p), fu>0,

where Ig(u) = { (1= B). ifu<0.
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Now, if we set B to be the skewness parameter of an a-Stable Lévy process {X,}; then, for a
random function f :[0,00) x Q@ - R,

() ForO0<a < 1:

f fdx, < ca/ F()uN(ds, du).
0 0 JRy

/dexicaxlim<f/ f(s)uq(ds,du))
0 80\ Jo J(=s5)c

where, constant C, is defined as follows:

@) Forl <a <?2:

(€)= Qa ' (T —a)cos )", if0<a<l,
DTl s ), ifl<a<2.

Proof of Theorem 3.1 Let us define a Poisson random measure N as in Theorem E.1.

For 0 <a <1 The solution processes {Y;} of SDE (3.1) can be written as:
t t
Y, = Yo—l—/ a(Yy)ds + Ca/ [ b(Yy)uN(ds,du).
0 0 Jry

Let us define Poisson random measure N, (-, ) as N, (s, u) = N (s, C,u). Let U be the mean
function of N,. Then the change of variable gives

B(ds, du) = n(ds, d(Cqu)) = [p(ds(C)"; ‘Tﬁ — dsvy (du)
u o

where, v, (du) = I (u)(Ca)“L ; Ig(-) defined as in Theorem E.1. We define compen-

\u|]+‘1 ’
sated Poisson random measure g, by, ¢, (-, ) = Ng(:,-) — V(-, -). Let us denote by a, the
function: a(y) =a(y) + b(y) f0<|u‘<] uv, (du). Then we can write:

t t
Y= Yo+ f ay)ds + f / b(Y, )uqa(ds, du)
0 0 JO<ul<l

+/ / b(Ys)uN,(ds, du). (E.5)
0 Jul=1

This is of the same form as the equation given in (A.4). Also, we have function a in place
of a and Poisson random measure N,. From Theorem 2.1 using the infinitesimal generator
as in (2.2b), we can derive the infinitesimal generator in case of «-Stable Lévy process as
follows:

AF D) = F'O)(a) — Kub(y) + fR (£ +b()x) = £O) ) vu(d)

here, K, = f0<‘x‘<1xv(, (dx). Thus,

d
Af(Y):a()’)f’()’)‘F(Ca)a/R {f(y+b(y)x)—f(y)}1ﬁ(x)|x|%
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=a(y)f' M+ CHP*W | {f(y—v)— O }p(— v)| |1+a

Ro

o0 d
=) 00+ € =) [ {7l =) = r) i
0

0 dv
HCB O +H [ (=) - Fo)

d()t
=a(y)f/(y)+(Ca)“b°‘(y)(1—ﬂ)[T) —fy )]
e -1 d°
+(Co)*D (y)(1+/3)[7 af(y)].
a d(-y)

Hence, for 0 < o < 1, the infinitesimal generator of the solution process for SDE in (3.1)
can be written as:

-1
Af(y) =a()f () + [(1 - ﬁ)(zcos<?)) b

—1 d®
+a +ﬂ)(2cos<%)> "y f(y)] (E.6)

For1 <a <2 Again from Theorem E.1, the solution process of the SDE (3.1)

t t
Y, =Y, +/ a(Yy)ds + Cy lim/ / b(Ys)uq(ds, du).
0 810 0 (—8,8)¢

Let us denote by a, the function, a(y) = a(y) — b(y) fwzl uv,(du). Then, we can write:
t t
Y, =Yo +/ a(Ys)ds +/ / b(Yy)uqe(ds, du)
0 0 JO<ul<l

-I—// b(Y)uN,(ds,du) (E.7)
0 Ju=1

this is of the same form as the equation given in (A.4). Also we have function a in place of
a and the Poisson random measure N, . From Theorem 2.1 using the infinitesimal generator
as in (2.2a), we can derive the infinitesimal generator in case of «-Stable Lévy process as
follows:

Af(y) = f' (@) + Cy,b(y) + /R {F(y +b()x) = f) = [ (b(y)x}ve(dx)
0

here, C,, = |,

|x|=1

xVy (dx). Therefore,

Af) =af' O+ C)* | {f(y+b0x) =) — f(y)b(y)x}lﬁ(x)| W

Ry

=a(y) ') + €W | {f(y—v) = FO) + S O} s(~ v)| |1+a

Ro
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!/ o0 *© ! dv
=)/ 0)+ €O =) [ {7l =v) = 0+ £ o)

0
d
+ B OA+P) [ F6=0) = F0r+ F o)

re-od )]
a@—n e’
re—a) d }

=a(y) ')+ (CH"b* (A — /3)[

—— S

+(Ca)*b*(y)(1 + ﬂ)[a(a i

Hence, for 1 < @ < 2, the infinitesimal generator of the solution process for SDE in (3.1)
can be written as:

dﬂl

-1
a1 =am)f o+ - p(2eos( ) w0150
+(1 +,3)<—2005<B>>_1b°‘( )d—af( )] (E.8)
2 Vacye Y '
combine (E.6) and (E.8) to get the infinitesimal generator in (3.2), and the theorem is
proved. ]

Proof of Theorem 3.2

Casel:0<a <1 We shall use the forward equation from (2.2b) in this case, i.e,

0 0
B—Px(s, y) :/ [(px-B)(s.y = 1) = (P - W) (s, )] (d(=r)) — —(px - H)(s.y)
s Ro dy

where, (p, - h)(s,y) = h(y)px(s,¥) s HY) = a(y) — Ky, b(y) and K, = [, uve(du).
Note, in this case H(y) = a(y) — K,,b(y) = a(y). Thus, the forward equation:

i (s, )
DS,
8sp y

a
:/R [(pa -6 (s, y = 1) = (- b)Y (s, V) ]va(d(=1)) — 5(1& -a)(s,y)

dr
|r|l+ot

0
= (Ca)"/ [(Px D) (s, y —1) = (px - BN (s, )] I(—r) - 8—(px ~a)(s,y)
Ry y

o0 dr
=(1+,3)(Ca)a/ [(px - D) (s, y = 1) = (P - D) (s, V)] ==
0 |7 |1+
» 0 " N dr a
+ (1= B)(Ca) / [(pe - 6*) (s, y = 1) = (py - 6N (5, V)] —75 — 7= (Px - @)(s, )
—o0 [r*+e dy

—1 d°
= [(1 +8) (2cos<%‘”)) 27 (0 peG5.)

ra\\"' @~ 3
+(1=p) <ZCOS<7>> ) (b () pa s, y))} - 5[“()’)1’)((55 ]
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Casell : 1 <o <2 We shall use the forward equation from (2.2a) in this case, i.e,

a
S Py = /}R [(pe - )y =7,8) = (px - 1) (s, y) + 7 (pe - 1) (3, ) Ju(d (=)
0

9
- a—(px-G)(y,S)
y

where, (px - h)(s,y) = h(y)px(s, ) ; G(y) =a(y) + Cy,b(y) and Cy, = |-, uve(du).
Note, in this case G(y) = a(y) + C,,b(y) = a(y) . Thus, the forward equation:

0]
35 Px(5:7) 2/ [(px - b3 —=1,8) = (px - b*) (3, 9) +7(ps - b (v, 9) e (d (=)

Ro

3
- a(px ~a)(y,s)
=(Ca)"‘/]R [Py - b)(s,y —1) = (px - b)Y (s, y) +r(px - b¥) (s, )]
0

d
X Iﬁ(—r)m - E(Px ~a)(s,y)

=(1+ﬁ)(Ca)“/ [(Px bV (s, y —1) = (P - b)(s, y) +r(ps - b*) (5, )]
0
dr
X —
|r|1+ot

0

+d - ﬂ)(Ca)“/ [(px -6 (s, y = 1) = (px - b) (5, )

—00

o dr a
+r(pe-bY) (s,y)]m =5y P06

—1 d°
= [(1 +ﬂ)<—2008(?)> 4y (B ) pa(s, ) + (1= B)

1 o
X <—200s(n7a>) d(iy)“ (b () px (s, y))} - %[a(y)Px(S, ]

We combine the two cases to get the forward equation of the form (3.4). This concludes the
proof. O
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